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Abstract. For a finite multigraph G, the reliability function of G is the prob- 
ability Rg{q) that if each edge of G is deleted independently with probability 
q then the remaining edges of G induce a connected spanning subgraph of G; 
this is a polynomial function of q. In 1992, Brown and Colbourn conjectured 
that for any connected multigraph G, if g S C is such that Rciq) = then 
\q\ < 1. We verify that this conjectured property of Rc;{q) holds if G is a 
series-parallel network. The proof is by an application of the Hermite-Biehler 
Theorem and development of a theory of higher-order interlacing for poly- 
nomials with only real nonpositive zeros. We conclude by establishing some 
new inequalities which are satisfied by the /-vector of any matroid without 
coloops, and by discussing some stronger inequalities which would follow (in 
the cographic case) from the Brown-Colbourn Conjecture, and are hence true 
for cographic matroids of series-parallel networks. 



0. Introduction 

Given a finite multigraph G = {V, E) and < g < 1, let Q{q) denote a random 
spanning subgraph of G obtained by deleting each edge of G independently with 
probability q. The reliability function of G is the probability Rg{q) that G{q) is 
connected, considered as a function of q. (Trivially, if G is not connected then 
Roiq) = identically.) In fact (as we see in Section 1) this is a polynomial function 
of q. In 1992, Brown and Colbourn |^ made the following fascinating conjecture. 
A polynomial S{q) is Schur quasi-stable if every 5 G C for which S{q) = is such 
that |g| < 1; for the relevance of this concept to solutions of linear finite difference 
equations, see Theorem 3.2 of Barnett Q]. 

Conjecture 0.1 (Brown-Colbourn). For any connected multigraph G , the reliabil- 
ity polynomial Rciq) is Schur quasi-stable. 

In support of this conjecture. Brown and Colbourn verify that this property holds 
for all simple graphs on up to six vertices, and show that for every multigraph G 
there is a multigraph G' which is obtained from G by repeatedly subdividing edges, 
and for which Rc'{q) is Schur quasi-stable. The proofs in are based on the 
Enestrom-Kakeya Theorem, which gives a sufficient condition for a polynomial 
with real coefficients to be Schur quasi-stable. As Brown and Colbourn remark, 
however, there are multigraphs for which the Enestrom-Kakeya Theorem fails to 
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show that Rg{q) is Schur quasi-stable. Some other explanation must be sought if 
the Brown- Colbourn Conjecture is to be proven. 

In this paper we give some indications that the Hermite-Biehler Theorem can 
provide such an explanation. This theorem is a necessary and sufhcient condition 
for a polynomial P{u) with real coefficients to be such that all its zeros have non- 
positive real part; by a fractional linear transformation we can map the unit disc to 
left half-plane and apply the Hermite-Biehler Theorem to reliability polynomials. 
Informally, the condition is that if P{u) is expanded into its even and odd parts, 
P{u) = Po{u'^) + uPi{u'^), then the polynomials -Pi (a;) and Po{x) have all their zeros 
on the nonpositive part of the real axis, and these zeros "interlace" (in a sense we 
make precise in Section 2). This allows the well-developed theory of polynomials 
with only real zeros to be applied to Conjecture 0.1, but even this is not sufficient. 
More precisely, this theory must be developed further in order to obtain significant 
results on reliability polynomials. 

The key extension of technique in this paper is the introduction of a useful 
concept of higher order interlacing for polynomials with only real nonpositive zeros; 
this involves the definition of "interpolatory hypercubes of polynomials" of any 
dimension. However, because of the complexity of the relations derived from two- 
vertex-cut reduction for reliability polynomials, we have applied this theory here for 
interpolatory cubes only up to dimension four. The limited scope of Theorem 0.2 
in relation to the generality of Conjecture 0.1 reflects only this artificial restriction, 
and should not be interpreted as stemming from some intrinsic limitation of the 
method. 

The class &^ of series-parallel networks is defined recursively as follows. Every 
multigraph G in 6*P has a distinguished unordered pair {s, t} of distinct vertices, 
called the terminals of G. If G consists of just one edge connecting its terminals, 
then G is in 6*p. Let G and G' be in 6^P, with terminals {s,t} and {s',t'}, 
respectively. If G and G' have no edges in common, and only the vertex t = s' 
in common, then G U G' is in S^P, and is called a series connection of G and 
G'; its terminals are {s,t'}. If G and G' have no edges in common, and only the 
vertices s — s' and t ^ t' in common, then G U G' is in 6*P, and is called a 
parallel connection of G and G'; its terminals are {s,t}. Let 6*p' denote the class 
of connected multigraphs every two-connected component of which is in the class 
S*P (for some choice of terminals). 

Theorem 0.2. // the multigraph G is in the class 6*P' then i?G(<z) Schur quasi- 
stable. 

Since at least the early 1970s there has been some interest in obtaining inequal- 
ities valid for the /-vectors and/or the /i- vectors of simplicial complexes belonging 
to various classes; in part, this developed from similar investigations in the 19th 
century into the combinatorial geometry of convex polytopes. Sections II. 2, II. 3, 
III.l, and HI. 3 of Stanley |l5| provide an excellent overview of these results. Also, 
Section 5 of Bjorncr ^ considers in detail the case of matroids, and Ball and Provan 
m and Colbourn ||l2| discuss the application of these ideas to estimation of network 
reliability. In contrast with the cases of Cohen-Macaulay complexes or simplicial 
polytopes, the case of matroids is still only rather poorly understood; some recent 
results in this direction are Brown and Colbourn and Chari ||l^, |ll[. In fact, 
Conjecture 0.1 implies numerous strong inequalities for the /-vector of a cographic 
matroid, as we shall see in Section 6; thus, by Theorem 0.2, these inequalities 
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hold for cographic matroids of multigraphs in the class 6*P'. Moreover, it is an 
elementary consequence of Chari's recent work |ll| that the weakest of these 
inequalities hold more generally for matroids. 

Theorem 0.3. Let M be (the set of independent sets of) a matroid of rank d, and 
for < i < d let fi denote the number of i- element sets in M . If M has no coloops 
then for all < k < d, 



These inequalities are violated by some simplicial polytopes and some broken- 
circuit complexes, and are satisfied with equality for all < k < d ii M is a direct 
sum of 2-circuits. It thus appears that a better understanding of the phenomena 
underlying Conjecture 0.1 could lead not only to improved methods for estimating 
network reliability, but perhaps toward a set of strong necessary conditions on the 
/-vectors of matroids in general. 

In Section 1 we review the bare essentials of the combinatorics of reliability poly- 
nomials, the deletion/contraction algorithm and two-vertex-cut reduction, and we 
translate Conjecture 0.1 into a form to which the Hermite-Biehler Theorem applies. 
(No familiarity with matroid theory is assumed until Section 6.) In Section 2 we re- 
view the Hermite-Biehler Theorem and state the lemmas on polynomials with only 
real zeros which are useful. In Section 3 we sketch how just this amount of theory 
can be used to verify Conjecture 0.1 for all multigraphs such that the underlying 
simple graph of every two-connected component is an edge or a cycle. Section 4 
contains the new theoretical development of the paper; in Section 5 we apply this 
technique to prove Theorem 0.2. We conclude in Section 6 with a discussion of 
reliability polynomials in the more general context of Cohen-Macaulay complexes, 
for which we assume familiarity with the standard concepts. Readers interested 
specifically in Theorem 0.3 can skip directly to Section 6. 

I gratefully acknowledge Jason Brown and Charlie Colbourn for telling me of 
their conjecture, Jiirgen Garloff for telling me of the Hermite-Biehler Theorem, 
and Bruce Richmond for several stimulating conversations. 



For a more thorough introduction to reliability polynomials, see Colbourn |12[ . 
By a multigraph we mean a finite graph which may possess both loops and multiple 
edges. It is clear that for multigraphs G and G', 



as follows directly from the definition. For a multigraph G = (V, E) and any e E E 
let G \ e denote G with e deleted and let G/e denote G with e contracted; then 



since the conditional probability that Giq) is connected given that e is deleted is 
RQ^eil), and the conditional probability that Q{q) is connected given that e is not 
deleted is Rc/eiQ)- If G' is obtained from G by removing all loops, then 




1. Reliability Polynomials 



(1.1) if G ~ G' then Raiq) ^ Re (q)- 

If G and N are multigraphs with exactly one vertex in common then 

(1.2) RauNiq) = RG{q)RN{q), 



(1.3) 



Raiq) = qRc^eiq) + (1 - q)RG/e{q), 



(1.4) 



RG{q)^RG'{q), 
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since if e is a loop of G then G \ e ~ G/e, and we can apply (1.1) and (1.3) and 
induction on the number of loops of G. Henceforth by a network we shall mean a 
finite connected graph which has no loops but may have multiple edges. 

For a network G we denote by the underlying simple graph of G, which has 
the same vertices as G and one edge u v for every pair of vertices {u,v} which are 
adjacent in G. A spindle in a network G is a (nonempty) maximal set of edges in G 
all of which arc incident with the same pair of (distinct) vertices of G; if the spindle 
has c edges then we say it is a c-spindle. There is an obvious natural bijection 
between the spindles of G and the edges of G'' . If ct is a spindle in G then let G \a 
be obtained from G by deleting all the edges of a, and let G/a be obtained from G 
by contracting all the edges of a (notice that G/a has no loops). If cr is a c-spindle 
in the network G then 

(1.5) Raiq) = q^Rc-^Aq) + (1 - q^RG/aiq), 

as follows from (1.3) and (1.4) by induction on c. 

As examples, let fcr„ denote a network for which the underlying simple graph is 
a tree with n vertices and in which each spindle has k edges, and let fcG„ denote 
a network for which the underlying simple graph is a cycle with n vertices and in 
which each spindle has k edges. Since RkT2{q) — ^ ~ q^ i it follows by (1.2) and 
induction on n that RkT„{q) = (1 ^ g*^)"^^ for all k > 1 and n > 2. From this, 

(1.5) , and induction on n it follows that i?fec„(<z) = (1 — <z'^)"~^(l + (n — l)q'^) 
for all > 1 and n > 3. As noted by Brown and Colbourn ^ (Proposition 5.1) 
these examples suffice to show that the closure of the set of all zeros of reliability 
polyomials contains the whole unit disc {q £ C : \q\ < 1}. 

Generalizing (1.3) and (1.5), let G and N be two networks which intersect in 
exactly two vertices v and w, and let G* and N' be obtained by identifying v and 
w in G and in N, respectively, and removing any loops thus produced. Then 

(1.6) RauNiq) = RG{q)RN' {q) + Rg' {q)RN{q) - RG{q)RN{q), 

since the conditional probability that Q{q) ljN'{q) is connected given that 0{q) is 
connected is i?7v»(<z), the second term has a similar interpretation, the third term 
corrects double counting of the case that both Q{q) and A/'(g) are connected, and 
if neither G{q) nor M{q) is connected then Q{q) Li J^{q) is not connected. 

For a network G we denote by niQ the number of edges of G and by nc the 
number of vertices of G, and we let da ■= ma — no + 1; we omit the subscript when 
no confusion can arise. From (1.5) it follows by induction on m that Raiq) is a 
polynomial in 1i[q] of degree m, and the multiplicity of q = 1 as a zero of Roiq) is 
at least n — 1. In view of this, for each network G we may define the polynomial 

(1.7) HG{q):=il-qy-''RG{q) 

in The Brown-Colbourn Conjecture is equivalent to the claim that for any 

network G, 

(1.8) if (7 e C is such that Hdq) = then \q\ < 1. 

It follows from (1.2) and (1.7) that if G and N are networks with exactly one vertex 
in common then 



(1.9) 



HauNiq) = HG{q)HM{q). 
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If (7 is a c-spindle in the network G then 

(1.10) Haiq) = q'Ha^aiq) + (73^) Hg/Ai). 

as follows from (1.5) and (1.7). Similarly, with notation as in (1.6) we see that 

(1.11) Ha^Niq) = HG{q)HN'{q) + HG'{q)HN{q) - (1 - q)HG{q)HM{q). 

It follows from (1.10) by induction on m that HG{q) is a polynomial of degree d 
with nonnegative integer coefficients, and the constant term of HG{q) is 1. (In fact, 
the coefficients of HG{q) form the h-vector of the cographic matroid of G and have 
been studied extensively in the context of Cohen-Macaulay simplicial complexes. 
We shall return to this point in Section 6.) 

We make a change of variables u := {—I — q) / {1 — q) and conversely q = (— 1 — 
u) / {1 — u), and define 



(1.12) JGiu):={u-lfHG 
so that 



-1-u 
1 -It 



(1-13) HGiq) = [ ^] Jg ^ ^ 



2 J \ l-q 
From (1.12) and (1.13) it follows that (1.8) is equivalent to 

(1.14) if u G C is such that Jg{u) = then ^{u) < 0. 

From (1.9) and (1.12) it follows that if G and N are networks with exactly one 
vertex in common then 

(1.15) Jgun{u) = Jg{u)Jn{u). 

It follows from (1.10) and (1.12) that if cr is a c-spindle in the network G then 

'{u + iy - {u - ly 



(1.16) Jg{u) = {u+IYJg^,{u) + 



2 

Similarly, with notation as in (1.6) and (1.11) we see that 

(1.17) Jgujv(u) = Jg{u) [Jn{u) + Jn-{u)] + [Jg{u) + Jg'{u)] Jn{u). 

From (1.16) and induction on rn it follows that Jg{u) has nonnegative integer 
coefficients, but no combinatorial interpretation of these integers is known; we shall 
return to this point as well in Section 6. 

2. The Hermite-Biehler Theorem 

The Hermite-Biehler Theorem is a very useful criterion which determines whether 
a polynomial with real coefficients has all its zeros in the left half-plane. For a 
nonzero P{u) € if every u G C such that P{u) = satisfies 5R(u) < then 

P(u) is Hurwitz quasi-stable. (For the relevance of this concept to solutions of linear 
ordinary differential equations, see Theorem 3.1 of Barnett 0|.) 

Suppose that A,B G R[x] both have only real zeros, that those of A are ^1 < 
... < and that those of B are 9i < ... < 9b. We say that A interlaces B if 
degi? = 1 -|-deg A and the zeros of A and B satisfy < ^1 < ^2 < • • ■ < Ca < da+i- 
We also say that A alternates left of B if deg A — deg B and the zeros of A and 
B satisfy £,1 < 9i < £,2 < • • ■ < £,a < 6a. We use the notation A < B for "either 
A interlaces B ot: A alternates left of (Any polynomial which stands in this 
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relation a fortiori has only real zeros.) This is a closed condition in the sense that 
if An and _B„ are sequences of polynomials converging to A and B, respectively, 
and if An -< Bn for all n > 0, then A ^ B. By convention we say that for any 
polynomial A with only real zeros, both ^ ^ and -< ^ hold. A polynomial 
is standard when either it is identically zero or its leading coefficient is positive. 
For brevity, we say that a polynomial has only nonpositive zeros to indicate that 
either it is identically zero or all of its zeros are real and nonpositive. Henceforth, 
if we omit the argument of a polynomial then we intend that it is a function of the 
variable x = u^. 

Theorem 2.1 (Hermite-Biehler). LetP{u) = Pq(v?)+uPi(u'^) e R[u] he standard. 
Then P{u) is Hurwitz quasi-stable if and only if both Pq and Pi are standard, have 
only nonpositive zeros, and Pi < Pq. 

The proof of the Hcrmitc-Bichlcr Theorem in Gantmacher covers only the 
case of polynomials for which all zeros have strictly negative real part, but the 
statement given here can be deduced from it easily by a limiting argument. The 
following lemmas will be useful; Lemmas 2.2 and 2.3 can be proven using the 
techniques from Section 3 of and Lemma 2.4 can be proven using the techniques 



Lemma 2.2. Let Pi, . .. ,Pk be polynomials in M.[x\, all of which have only real 
zeros and none of which is identically zero. If Pi ~< P2 ~< ■ ■ ■ ~< Pk o-nd Pi -< Pk 
then Pi ~< Pj for all 1 < i < j < k. 

Lemma 2.3. Let A, P, Q be standard polynomials in M.[x] which have only nonpos- 
itive zeros, and assume that A ^ 0. 

(a) P ~< Q if and only if Q < xP. 

(b) If A^P and A<Q then A-i.P + Q. 

(c) If P <A andQ < A then P + Q < A. 

(d) IfP<Q then P <P + Q <Q. 

Lemma 2.4. Let P,Q be standard polynomials mM[a;] which have only nonpositive 
zeros. Then P ^ Q if and only if for all X, p > 0, both XP + pQ and XQ + pxP 
have only nonpositive zeros. 

3. Thick Cacti 

Returning to the case of a network G, we define polynomials Jf and Jq^ in N[x] 
by separating Jg{u) into its odd and even parts, respectively: 



From (3.1) and the Hermite-Biehler Theorem it follows that (1.8) and (1.14) are 
each equivalent to 



From (1.15) and (3.1) it follows that if G and N are networks with exactly one 
vertex in common then 



from Section 5 of |l6| . 



(3.1) 



JG{u)^J^iu^)+uJ^iu^). 



(3.2) 



tG , jG 



(3.3) 



{ 




GUN 



'-^a '-^0 ^ xJ]' Ji , 

jG jN I jG jN 

jq Ji -r Ji jq . 
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For each natural number c we define Ec and Oc in N[x] by 
(3.4) {u + = Ec{u'') + uOc{u^). 

Prom (1.16), (3.1), and (3.4) it follows that if a is a c-spindle in the network G then 
for c even 




= E,J^^- + O.J^^'' + E.j^'r 

With G, G', N, and N' as in (1.6), (1.11), and (1.17), let J{u) := Jg{u) and 
Jv(w) := Jg{u) + Jg'{u) and K{u) := Jn{u) and Ky{u) := Jn{u) + Jn'{u); we 

find that 

Jo""^ = JqK^ + J^Kq + xJiKl + xJlK^, 



(3.7) 



Lemma 3.1. For any natural numbers a and b, Oa+b ~< -E'a+6> ^aOb -< Ea+^j 
OaEb ~< Ea+b, and OaOb -< Oa+b -< EaEb. 

Proof. We proceed by induction on a + b, the base a + b < 1 being evident. If a = 
then the only nontrivial claim is that Ob < Eb, since Oq = Q and i^o = 1; we can 
prove this claim by considering the case a' := 1 and b' :=b—l instead. Similarly, 
we may also dispense with the case 6 = 0, so assume that a > 1 and b >1. Prom 
(u + 1)"+*' = {u+ l)"(u + 1)^ it follows that 

/q o\ / ^a+b = EaEb + xOaOb, 

^ ' 1 Oa+b = EaOb + OaEb. 

By induction, we have Oa -< Ea and Ob -< Eb, and hence OaOb -< EaOb -< EaEb 
and OaOb -< OaEb -< EaEb. Lemma 2.3 now implies the result. □ 

A cactus is a connected simple graph in which each edge is contained in at most 
one cycle. We now consider the special case of networks G such that is a cactus. 
It is convenient to introduce the notations, for each natural number c, 

(3-9) ![c!:^' Sic):=l-eic), 



and 
(3.10) 



Oc if c is even, 
Er if c is odd. 



Denoting a network with two vertices and m edges by mT2 we have for all positive 
integers m, 

(3-11) J"™) = and J,75 ^ 0. 

For a finite list of positive integers c := (ci, . . . , c„_i), let r[c] denote any network 
T such that is a tree and the sizes of the spindles of T are given by the list c 
(so ut = n). From (3.3), (3.11), and induction on n it follows that 

(3-12) = ^"'"^'^^ ■ • • 5e„_, and jjj^l^) = 0, 



8 



DAVID G. WAGNER 



where m = ci + • ■ • + c„_i and j/[c] :— [(e(ci) + ■ • • + £(c„_i))/2j. The condition 
jf -< Jq is trivial only in this the following proposition shows. 

Proposition 3.2. If G is a network such that either = or Jq = then 
is a tree. 

Proof. If G'' is not a tree then let cr be a spindle of G corresponding to an edge of 
G'^ which is not a cut-edge. Since G \ cr is connected, Retail) ^ 0, so Jc^criu) ^ 
0, so either J^^" ^ or J^^'^ ^ 0. Since all J-polynomials of networks have 
nonnegative coefRcients, (3.5) and (3.6) imply that Jp ^ and Jq' ^0. □ 

Lemmas 2.3 and 3.1, formulas (3.5), (3.6), and (3.12), and induction on n suffice 
to prove Theorem 3.3; we omit the details since we obtain the most interesting part 
of Theorem 3.3 (the condition jj^'*^' -< J,^'*^') as a special case of Corollary 5.3. The 
crucial simplifying feature in the proof of Theorem 3.3 is that, in the notation of 
(3.12), J?J'l , EE 0. 

Theorem 3.3. Let c := (ci, . . . ,c„) be a sequence of n > 3 positive integers, and 
let G[c] denote any network with spindles of sizes Ci, . . . , c„ such that the underlying 
simple graph is a cycle. Then t/^l^l^^) = {n — l)x'^^''^Sci ' ' ' and jf ''^^ -< Jq^^\ 
where rn = ci + ■ • • + c„ . 

Corollary 3.4. Let G be a network for which G^ is a cactus. Then Rg{q) is Schur 
quasi-stable. 

Proof. By (1.8) and (1.9) it suffices to prove the result for two-connected networks. 
A two-connected network G satisfying the hypothesis is such that G'' is either an 
edge or a cycle. The result follows from (3.2), (3.11), and Theorem 3.3. □ 

4. INTERPOLATORY HYPERCUBES OF POLYNOMIALS 

An interpolatory 0-cube is a standard polynomial A which has only nonpositive 
zeros. An interpolatory l-cube is a pair {A, B) of standard polynomials which have 
only nonpositive zeros and are such that A ^ B. We present the theory next for 
interpolatory squares and then generalize to higher-dimensional hypercubes. The 
starting point is an analogue of the "Box Lemma," Theorem 5.4 of [|6). 

Proposition 4.1. Let A, B, P, Q be in R[x], and consider the following two condi- 
tions: 

Gi : For any X, p > : XA -\- pB ^ XP + pQ and XB -f pxA -< AQ + pxP are 
interpolatory I -cubes. 

G2 '. For any k, tt > : kA + irP -< kB + ttQ and kP + nxA -< kQ + t:xB are 
interpolatory I- cubes. 

These conditions Gi and G2 are equivalent. 

Proof. It follows from Lemma 2.4 that each of the conditions Gi and G2 is equivalent 
to the condition that for all k, A, 7r,p > 0, each of the polynomials kXA + npB + 
ttXP -\- TrpQ, kXB -f npxA -\- ttXQ -\- npxP, kXP -\- npQ -\- ttXxA + npxB, and kXQ -\- 
KpxP -\- ttXxB -t- npx^A have only nonpositive zeros. □ 

Notice that if the conditions of Proposition 4.1 hold then, since -< is a closed 
condition, in fact they hold for all k, A, tt, p > 0. 
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In the diagrams which follow it is convenient to use an arrow A — > B to denote 
A ~i B. If the equivalent conditions of Proposition 4.1 hold for the polynomials 

A, B, P, Q we say that 

B ^ Q 

t ffl t 
A — > P 

is an interpolatory square, and use the notation El to indicate this. Notice that if 
one of the three squares 



B - 


- Q 


xA 


— > xP 


Q - 


xB 


T 


t or 


T 


T 


or t 


T 


A - 


P 


B 


Q 


P - 


xA 



is interpolatory then all three are, by Lemma 2.3. 

Lemma 4.2. Let A,B,P,Q be in R[x]. If A ^ B and P ~< Q are interpolatory 
1- cubes then 

BP — > BQ 

T ffl T • 
AP — > AQ 

Proof. Condition Ci of Proposition 4.1 is verified easily by using Lemma 2.3. □ 



Lemma 4.3. Consider A, B, P, Q, S, T in R[x], with either A^O or B ^0. 

T < — B — ^ Q B — > Q + T 

// T ffl T ffl T then T ffl T • 
S < — A — > P A — > P + S 

Proof For any A, p > we have XA + pB -< XP + pQ and XA + pB ^ XS + pT since 
the squares are interpolatory. Thus, XA + pB -< X{P + S) + p{Q + T) by Lemma 
2.3. Also, XB + pxA -< XQ + pxP and XB + pxA -< XT + pxS since the squares are 
interpolatory. Thus, XB + pxA -< X{Q + T) + px{P + S) by Lemma 2.3. We have 
verified condition Ci of Proposition 4.1, and hence the result. □ 

It follows from Lemma 4.3 and (4.1) that, under the hypothesis of Lemma 4.3, 

T — > B i — Q Q + T — > B 

(4.2) if T ffl T ffl T then t ffl T • 

S — > A < — P P + S — > A 



Lemma 4.4. Let A,B be in M[x]. If A ^ B is an interpolatory 1-cube then 

B — * xA 

t ffl T • 

A — > B 

Proof. If either A = or B = then the result is trivial, so assume that A^ and 
B ^0. For any X,p>0, Lemma 2.3 implies that A ^ XA + pB ^ B ^ XB + pxA -< 
xA, and since A -< xA it follows from Lemma 2.2 that XA + pB -< XB + pxA. Also 
by Lemma 2.3, the condition that XB + pxA -< XxA + pxB is equivalent to the 
condition that XA + pB -< XB + pxA, which we have just shown, and so condition 
Ci of Proposition 4.1 is verified. □ 
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Using Lemmas 4.2, 4.3, and 4.4, one may adapt the proof of Lemma 3.1 to show 
that for all a > and b>0: 

EaOb > Ea+b > xOaEi, 

(4.3) t ffl T ffl T ■ 

OaOb > Oa+b > EaEb 

To extend these ideas from squares to hypercubes of any dimension we must 
first introduce some notation. Fix an integer fc > 0, and let P : (Z/2Z)*^ — > M[x]. 
If > 1 then for X, p > we let il^ denote the operator which maps P to the 
2'=-! polynomials Q : (Z/2Z)'^-i ^ R[x] given by := APi„ + pPoa for all 
a e (Z/2Z)'^~^; for each 1 < i < A; we define the i-th interpolation operator by a 
similar interpolation on the i-th coordinate of P. Given A;-tuples A := (Ai, . . . , Afe) 
and p := {pi, . . . , pk) of nonnegative real numbers, we define := il^^ • • • il^^ il^^^ . 
For each 1 < i < A: let r}{i) := . . . 010 ... (with the 1 in the i-ih. coordinate) be 
the coordinate vectors of (Z/2Z)*, and denote by $j the i-th flip operator which 
associates to P : (Z/2Z)'= — »■ M.[x] the 2*= polynomials 



($,P) 



a+ri(i) 



if ai = 0, 



Pa+rt(i) if = 1, 



for each a G (Z/2Z)'=. For any S* C {1, . . . , fc} we let $s := Hies ^i- We say that 
P : (Z/2Z)'^ W^x] is an interpolatory k-cube of polynomials when the following 
condition holds: for all fc-tuples A ;= (Ai, . . . , Afe) and p :— {pi, . . . , pk) of positive 
real numbers, and for all 5 C {1, ... , fc}, the polynomial I^$sP is standard and 
has only nonpositive zeros. 

Proposition 4.5. Fix k > 1, and let P : (Z/2Z)'^ R[x]. Consider the following 

conditions Ci for each 1 < i < k: 

Ci : For all X, p > 0: both il^P and jI^$jP are interpolatory (fc — l)-cubes. 

The conditions Ci for 1 < i < k are each equivalent to the condition that P is an 

interpolatory k-cube. 

Proof. This follows from Lemma 2.4 (the case fc = 1) as in the proof of Proposition 
4.1 (the case fc = 2). □ 

Lemma 4.6. Fix nonnegative integers fc and i, and let P : (Z/2Z)^ — > M.[x] and 

Q : (Z/2Z)^ ^ R[x]. Define S : (Z/2Z)'^+^ R[x] by S^^p := Po^Qp for all 
a € (Z/2Z)'^ and P € (Z/2Z)^. // both P and Q are interpolatory hypercubes then 
S is an interpolatory (fc -\-£)-cube. 

Proof. If fc = then it may be checked directly that S satisfies the definition 
of an interpolatory £-cube, and so we proceed by induction on fc > 1. For any 
A, p > we have, by Proposition 4.5, interpolatory (fc — l)-cubes iI^P and iI^$iP. 
By induction, both iI^S and iI^$iS are interpolatory (fc — 1 + ^)-cubes, and so 
Proposition 4.5 implies that S is an interpolatory (fc + f )-cube. □ 

Lemma 4.7. Fix k > 1, and let P,Q : (Z/2Z)'= R[x] be such that Pia = Qia 
for all a e (Z/2Z)'=-i, and Pic # for at least one a G (Z/2Z)'=-i. Define 
S : (Z/2Z)'= ^ R[x] by 



Sa '. — 



Pa + Qa if ai = 0, 
Pa if Oil = 1, 



RELIABILITY POLYNOMIALS 



11 



for all a e (Z/2Z)'^. If both P and Q are interpolatory k- cubes then S is an 
interpolatory k-cube. 

Proof. Again wc argue by induction on fc, the base fc = 1 being Lemma 2.3(b), and 
the case k = 2 being Lemma 4.3; for the induction step let fc > 2. For any X,p > 0: 
2l^P and 2l>Q are interpolatory (fc — l)-cubes satisfying the hypothesis, and hence 
2l^S is an interpolatory (fc — l)-cubc. Also, for any \, p > 0: 2^x^2P and 2Ia*^'2Q 
are interpolatory (fc — l)-cubes satisfying the hypothesis, and hence 21^^28 is an 
interpolatory (fc — l)-cube. This verifies condition C2 of Proposition 4.5 for S. □ 

By an argument analogous to the derivation of (4.2) from Lemma 4.3, we may 
conjugate everything in Lemma 4.7 by $1 to obtain another similar statement 

(which is left to the reader). 

Lemma 4.8. Fix k > 0, and let P : (Z/2Z)'= R[x]. Define Q : (Z/2Z)'=+i 
M.[x] by Q\a '■= Pa and Qoa ■= (^iP)a for all a S (Z/2Z)'''. IfP is an interpolatory 
k-cube then Q is an interpolatory (fc + l)-cube. 

Proof. The case fc = is obvious, and the case fc = 1 is Lemma 4.4; for fc > 2 we 
proceed by induction on fc. Choose A, p > and apply the induction hypothesis to 
the interpolatory (fc - l)-cubes 2IaP and 2Ia*2P to find that sI^Q and sI^^sQ 
arc interpolatory fc-cubes. By Proposition 4.5 it follows that Q is an interpolatory 
(fc + l)-cube. □ 

Lemma 4.9. Fix fc > 2, and let P : (Z/2Z)'= ^ R[x]. Define Q : (Z/2Z)*^-i 
R[x] by 

Qla '■= Poia + PlOa 0,nd Qoa '■= -foOa + xPua 

for all a € (Z/2Z)'=~^. Assume that there is a f3 G (Z/2Z)*'~2 such that either 

Poo/3 ^ or Piifj ^ 0, and that there is a j e {1/21)^-'^ such thai either Poi^. ^ 
or PiQ^ ^ 0. IfP is an interpolatory k-cube then Q is an interpolatory {k — l)-cube. 

Proof. Since P is an interpolatory fc-cube, each of iIqP, iI?$2P, 2I0P) and 2li^iP 
is an interpolatory (fc — l)-cube. By exchanging the first and second coordinates if 
necessary, we may assume that P is such that P10-, ^ for some 7 e (Z/2Z)'^~^. 
Thus we may apply Lemma 4.7 to ili^2P and 2I0P; denote the result by S. If 
Poi-y = for all 7 e (Z/2Z)'=~^ then S = Q, which suffices to prove the result. 
Otherwise, we may also apply Lemma 4.7 to iIqP and 2l?<&iP; denote the result by 
T. Then ilJS = iljT = iI^Q, and by the hypothesis there is some /3 G (Z/2Z)'=-2 
such that Qo0 ^ 0. Thus we may apply the $i-conjugate form of Lemma 4.7 to S 
and T; the result is Q, which proves the result. □ 

Of course, by conjugating with a permutation of indices one may apply Lemma 
4.9 to any two coordinates 1 < i < j < fc of P. In this case the correspondence 
between the indices of P and the indices of Q will be taken tohe i iioTc 1 < £ < j, 
j ^ i, and £ £ ~ 1 for j < i < k, generalizing the case of i = 1 and j = 2 in the 
statement above. 

5. Series-Parallel Networks 

After much experimentation one arrives at the following hypothesis. For a net- 
work G and distinct vertices v and w of G, let G~ be obtained from G by deleting 
all edges between v and w, and let G' be obtained from G by identifying v and w 
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and removing any loops thus created. We shall say that {v, w} is very amicable in 
Gif 

(5.1) t ffl t , and equivalently t H T , 

Ji ^ Jq "^1 * "^0 

where J-{u) := Jq-(u) and J,(u) := Jg'{u). (These conditions are equivalent, by 

(4.1) .) In fact, this condition is too strong, and we shall say that {v, w} is amicable 
in G if the condition 

Jq -\- Jq ^ xJ-^ 

(5.2) T ffl T 

Jl + J* > Jq 

is satisfied. Notice that J-{u) = if and only if v and w are adjacent in G and 
V ~ u; is a cut-edge of G'^. In this case, (5.1) and (5.2) are each equivalent to 
J* -< Jq] otherwise, from (5.1) we have -< Jq , to which we apply Lemma 4.4, 
and then (4.2) and (5.1) imply (5.2). In either case, if {w, w} is very amicable in 
G then {0,11:} is amicable in G. Notice that J,(u) ^ since G, and hence G*, is 
connected. 

Lemma 5.1. Let G be a network and let {v, w} he amicable in G. Then J[' -< Jq . 

Proof. Let G^ , G' , J-{u), and J, (u) be as in the above paragraph, and let Jv (u) ■= 
J-{u) + J,(u). Let V and w be joined by exactly a edges of G. The hypothesis that 
{v,w} is amicable in G is (5.2). Applying Lemma 4.6 to (5.2) and Oa -< Ea gives 
an interpolatory 3-cube. 

OaJo^ xOaJr KJ^ xEaJ^ 

(5.3) t ffl I ^ 1 E 1 

OaJ\ ^ OaJf) EaJi > E^Jq 

Index the coordinates of (5.3) by 1, 2, 3 in the order t, -^,=^- If a > and J_ (u) ^ 
then we may apply Lemma 4.9 to coordinates 2 and 3 of (5.3), yielding an interpo- 
latory square. 

Ea J^ +xOa Jf > xEa Jf + xOa J^ 

(5.4) t ffl T 
EaJ^ + OaJo EaJo + xOaJ^ 

If a = then Oa = 0, and (5.4) is obtained from (5.3) by applying 3IJ; if J-{u) = 
then (5.4) is obtained from (5.3) by applying 2li$3- Thus, in all cases (5.4) is an 
interpolatory square. If a is odd then (3.6) and the left column of (5.4) give J^ -< 
Jq, while if a is even then (3.5) and the right column of (5.4) give Jq' -< xJi- □ 

Theorem 5.2. Let G and N be networks which intersect in exactly one vertex v, 
let w' ^ V be a vertex of G, and let w" ^ v be a vertex of N . Let U := G U N , let 
W denote the network obtained from U by identifying w' and w" , and let w denote 
the image of w' and w" in W. If {v,w'} is amicable in G and {v,w"} is amicable 
in N then: 

(a) {v,w'} and {v,w"} are amicable in U, and 

(b) {v, w} is amicable in W, and 

(c) {w',w"} is very amicable in U. 
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Proof. Let v and w' be joined by exactly a edges of G, and let v and w" be joined by 
exactly h edges of N . Let G~ denote the network obtained by deleting the a edges 
between v and w' in G, and let G' denote the network obtained by identifying v 
and w' in G and removing the a loops thus produced. Let N~ denote the network 
obtained by deleting the b edges between v and w" in TV, and let A^* denote the 
network obtained by identifying v and w" in N and removing the b loops thus 
produced. Let W~ denote the network obtained by deleting the a + h edges between 
V and w in W , and let W* denote the network obtained by identifying v and w in W 
and removing the a+b loops thus produced. To simplify notation, let J{u) := Jc{u), 
J-{u) := Jq-{u), and J,{u) := Jg'{u), let K{u) := Jn{u), K_{u) := Jj^-{u), and 
Kt{u) := Jpf(u), and let L{u) Jn/(w), L^(u) := Ji^r_{u), and L,[v) := Jw{u)- 
We will also use the notations J\;{u) := J-{u) + J,{u), Ksi{u) := K-[u) + K,{u), 
and Lsi{u) := L-{u) + L,{u). 

By Lemma 5.1 we see that Jj^ ^ Jq and ifj^ ^ i^'p. Now apply Lemma 4.6 to 
(5.2) (with w' in place of w) and iir;^ i^Tp to get an interpolatory 3-cube. 

J^K^ — > xJ^K^ J^Ko xJ^Kq 

(5.5) T ffl t ^ t ffl I 

Index the coordinates of (5.5) as for (5.3). If i^^ ^ and Kq^O then, since J, ^ 0, 
we may apply Lemma 4.9 to coordinates 1 and 3 of (5.5), yielding the interpolatory 

square 

J^Kq+xJ^K^ — > xJoK^+xJ^Kq 

(5.6) T ffl T , 
J^K^ + J^Ko JoKq + xJ^K^ 

which from (3.3) is seen to be 

tG-UN , tG'UN , „ jG-UN 

Jq -f- Jq ^ XJ^ 

(5.7) T ffl T • 

jG'UN _|_ jG'UN ^ jG-UJV 

If Ki = then (5.6) is obtained from (5.5) by applying sIq; if Kq = then (5.6) is 
obtained from (5.5) by applying 3l5<&2. In all cases (5.7) is an interpolatory square, 
showing that {v, w'} is amicable in U. Since the hypothesis is symmetric in G and 
N we also conclude that {v, w"} is amicable in U , proving part (a). 

For part (b), apply Lemma 4.6 to (5.2) and its analogue for N to get an inter- 



(5.6 





— y xJ^K^ 


xJ^K{ 




x'^J:[K^ 


T 


ffl T 




ffl 


T 


T-V 7>'V 
J^ 1\q 




xJ^K- 










ffl 






— > xJ^K^ 






xJ^Kq 


T 


ffl T 




ffl 


T 




> J- jrv 









Index the coordinates of (5.8) by 1,2,3,4 in the order t, ft", =>. If J-{u) ^ 
and K-{u) ^ then we may apply Lemma 4.9 to coordinates 2 and 4 of (5.8) to 
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obtain an interpolatory 3-cube. 



(5.9) 









XJq J\q 


+ x'^J^K^ 




T 


ffl 




T 








xJqKi 


+ xJlK^ 














+ xJ^Kl 




xJ^Kl 


+ xJ^Kq 




T 


ffl 




T 




+ J^K^ 






+ xJ^Kl 



If J-{u) = then (5.9) is obtained from (5.8) be applying 2li^4 (and permuting 
coordinates); if K^{u) = then (5.9) is obtained from (5.8) by applying 4i\^2- In 
all cases, (5.9) is an interpolatory 3-cube. If J-{u) ^ or K-(u) ^ then we may 
apply Lemma 4.9 to coordinates 1 and 3 of (5.9), yielding 

xJ^ Kl + X Jf xJq Kq + x^ Jf 

+xJ^K^ +xJIKq ' +xJ^K^ +x'^J^Kl 

(5.10) t ffl T 
JqK^ + xJ^K^ xJ^K^ + xJ^K^ 

K- + xJj iff ~^ +xJ^ + xJj 

If J_(u) = and K_{u) = then first assume that neither (G')'i nor (N*)^ is 
a tree. By Proposition 3.2 we may apply Lemma 4.9 to (5.9) to produce (5.10). 
Otherwise, if J* = then (5.10) is obtained from (5.9) by applying 2I0, if J* = 
then (5.10) is obtained from (5.9) by applying 2^i^3, and similarly in case K* = 
or K* = 0. In all cases, (5.10) is an interpolatory square. Prom (1.17) we have 
L-{u) — J^{u)Ky{u) + Jy{u)K-{u), and hence Ly{u) = L-{u) + J,{u)K,{u) = 
J-{u)K-(u) + Jsi{u)Ksi{u). Prom this one sees that (5.10) is 

xL^ — >■ xLq 

(5.11) t ffl T , 

Lq — ^ xLl 

and from (4.1) it follows that {v,w} is amicable in W, proving part (b). 
Por part (c) we begin with (5.4) and its analogue for N ^ that is 

EbK^+xObK^ xEbK^+xObK^ 

(5.12) t ffl T • 

As in the proof of Lemma 5.1, both (5.4) and (5.12) are interpolatory squares, so 
that by Lemma 4.6 we obtain an interpolatory 4-cube Q; we index the coordinates 
of Q so that 1 and 3 correspond to t and in (5.4) and 2 and 4 correspond to t 
and — > in (5.12), respectively. The cases in which either a > and G'' is a tree or 
6 > and A'''' is a tree are slightly degenerate; assume first that neither condition 
holds. Then we can apply Lemma 4.9 to coordinates 1 and 2 of Q to obtain an 
interpolatory 3-cube T; the entries of T are as follows. 



Tooo = {xEaJ^ +xOaJQ){xEbK^ +xObKl) 
+x{EaJo + xOaJl){EbKQ + xObKl) 

Tool = {xEaJ^ + xOaJl){EbK^ + xObK^) 
+x{EaJo + xOaJl){EbKl + ObKo) 
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Toio = {EaJ^ + xOaJ^){xEbK^ + xObK^) 
+x{E^J^ + OaJo){EbKo + xObKj) 

Ton = {EaJ^ + xOaJ^){EbK^ + xObK^) 
+x{E^J^ + OaJ^){EbKl + ObK^) 

(5.13) 

Tioo = {xEaJ^ + xOaJ^){EbK^ + xObKl) 
+ {EaJo + xOaJ?){xEbK^ + xObK^) 

TlOl = (xEaJ^ +xOaJ^)iEbK^ +ObKo) 
+ {EaJo +xOaJ^){EbK^ +xObK^) 

Tno = {EaJ^ +xOaJr){EbKo +xObKj) 
+{EaJl + OaJo){xEbK^ + xObK^) 

Till = {Ea4 +xOaJ^){EbKl +ObK^) 

+{E^Jl + OaJo){EbK^ + xObK^) 

If o > and G*" is a tree then J-{u) = and either J* = or J* = 0; if J* = 

then T iljQ, while if = then T = iI?*iQ. The case when 6 > and 
is a tree is handled similarly. In all cases T is an interpolatory 3-cube. Notice that 
J,(w) ^ and if a = then J-{u) ^ 0, and similarly for N; from this it follows 
that Toa + Ti„ ^ for all a e {Z/2Zf. 

If a and b are both odd then = EaJi + OaJ^ and Jg = EaJ^ + xOaJ^ and 
= EbK^ + ObKo and = EbK^ + xObK' and ii = Ea+bL^ + Oa+bL^ 
and Lq = Ea+bLg + xOa+bLj. Thus we find that Ton = JcKq + xJiKi and 
Till = -^0-^1 + Ji^o 9'^'^! by using (3.7) and (3.8), that Tooi + Tqiq = a;Ti and 
Tioi + Tno = Lq. Applying Lemma 4.3 to 2I1T and sI^T we see that 

Ton — > Tool + Toio 

(5.14) t ffl T , 

Tin — > Tioi + Tno 

which shows that {w' ,w"} is very amicable in U in this case. 

If a and h are both even then J-^^ = E'aJf + OaJ^ and Jq = EaJ^ + xOaJi 
and = EbK{ + ObK^ and = EbK^ + xObKj and Ti = Ea+bL^ + Oa+bL^ 
and Lq = Ea+bL^ + xOa+bLj. Thus we find that Tqoo = ^{Jq^q + xJ^K^) and 
Tioo = 2;(Jo-^i + Ji^o) ^^"ij by using (3.7) and (3.8), that Tqoi + Tqio = xLi and 
Tioi + Tno = Lq. Applying (4.2) to 2I0T and 3IJT we see that 

Tool + Tqio — > Tooo 

(5.15) T ffl T , 

Tioi + Tno — > Tioo 

which shows that {w',w"} is very amicable in U in this case, by (4.1). 

In the remaining case, a and b have opposite parity; by symmetry we may assume 
that a is even and b is odd. Thus = EaJi + OaJo and Jq = EaJ^ + xOaJj 
and = EbKl + ObK^ and = EbK^ + xObK:[ and Li = Ea+bLj + Oa+bLo 
and Lq = Ea+bLQ + xOa+bL^ . Thus we find that Tqoi = x{JqK-^ + Jiii'o) and 
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Tioi = Jq^o + xJ^K^ and, by using (3.7) and (3.8), that Tqoo + a;Toii = xLq and 
Two + xTiii = xLi. Applying Lemma 4.3 to 2I1T and 3li$2T we see that 

^001 — * Tqoo + xToii 
(5.16) t ffl T , 

T'loi — >■ 2^100 + xTiu 

which shows that {w^w"} is very amicable in U in this case, by (4.1). This com- 
pletes the proof. □ 



Corollary 5.3. IfG is a series-parallel network with terminals {s,t} then {s,t} is 
amicable in G, and hence Jq . 

Proof. The basis of induction m = 1 is clear, by (3.11). For the induction step, 
let G' be a series parallel- network with m > 2; so G' can be written either as a 
series connection or as a parallel connection of series-parallel networks G and A'' 
both with strictly fewer edges than G". If the connection is series then Theorem 
5.2(c) provides the induction step; if the connection is parallel then Theorem 5.2(b) 
provides the induction step. Lemma 5.1 then completes the proof. □ 

Theorem 0.2 now follows immediately, since (1.9) shows that a network satisfies 
(1.8) if and only if each of its two-connected components does, and Corollary 5.3 
proves that (3.2), and hence (1.8), holds for all networks in the class 6*p. 

In fact, the argument proving Theorem 5.2(a) can be used to show that if G and 
N intersect in exactly one vertex w, if {wi,t/;2} is amicable in G, and if ~< Jq , 
then {^1,^2} is amicable in G U A^. One can use this and Theorem 5.2 to show 
that if G^ is a cactus then every pair {v, w} of distinct vertices of G is amicable in 
G. By Lemma 5.1, the following conjecture implies Conjecture 0.1. 

Conjecture 5.4. Let G he a network and let v ^ w be vertices of G. Then {v, w} 
is amicable in G. 

In fact, I believe that Conjecture 5.4 is just the first in a hierarchy of conditions on 
G involving interpolatory hypercubes of arbitrary dimension. Determining what 
these conditions are might lead to an inductive proof of them all, and hence of 
Conjecture 0.1, using the technique of Section 4. 

6. /-Vectors of Matroids 

Let E he a, set with m elements, and let be a set system (or "hypergraph" ) 
on E, that is, is any collection of subsets of E; members of ft will be called faces 
of fl. Let da := max{#S : 5 G f2} be the degree of fi, and for < i < d let /i(n) 
be the number of faces S G Q such that #S = i; we define the rank-generating 
function of O to be 

(6.1) Fa{z) = fo + fiz + f2z^ + ■■■ + fdz'K 

We may factor this polynomial as Fn{z) = (1 + z)'^^*Fn{z) such that Fn(— 1) 
0, defining the subdegree to, := degFn(z) of fi, and the coefiicients of Fq,{z) = 
X^i=o /j-^' ill the process. Clearly 

(6.2) /i = E ('^ ~ * t ^ " an < i < t. 
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and 

d-t / 1 _ j-\ 

(6.3) /» = E( )/^-^ forall 0<i<d, 

with the conventions that /j /j = if « < and /j = if i > d and /j = if i > i. 

The reliability function Rn{q) of 51 is the probabihty that, if each element of 
E is selected independently with probability < q < 1, then the random subset 
<S{q) ^ E consisting of the selected elements of £' is a face of Vt. By partitioning 
the event that S{q) G 57 into its constituent subevents one sees immediately that 

d 

(6.4) i?n(g) = ^/^g'(l-g)™-'. 

Thus, we can write Rniq) = (1 — q)"^~'^Hn{q), where the H -polynomial of 51 is 
defined by 



(6.5) Hniq):=il-qfFn 



q 



A simple calculation shows that deg Hn{q) = tn and that HQ_[q) — J2l=o^i1^ 
depends only upon Fn(z). 

Certain classes of set systems are of special interest with respect to these poly- 
nomials. Let 6 denote the class of simplicial complexes, let 9Jl denote the class of 
(simplicial complexes of independent sets of) matroids, let 25* denote the class of 
cographic matroids, and let denote the class of set systems 51 for which Hfi{q) 
is Schur quasi-stable. For a network G, let M :— M*{G) be the cographic ma- 
troid associated with G; then the polynomials RG{q), Hciq), and Jciu) defined 
in Sections and 1 equal the polynomials RM{q), HM^q), and JMiu) defined in 
this section, respectively. Thus, the Brown- Colbourn Conjecture is that ©* is a 
subclass of Q5£. 

Lemma 6.1 and Proposition 6.2 were suggested by Theorem 4.3 and the remark 
on page 585 of Brown and Colbourn [|| . For a positive integer k and a set system 
52 on the set E, we define the set system fc51 on the set Ex {1, . . . ,k} as follows: 
{(ei, ii), . . . , (cr, ir)} C X {1, . . . , A;} is a face of fc51 if and only if {ei, . . . , e^} 
are pairwise distinct elements of E, and this set is a face of 51. 

Lemma 6.1. Let 51 &e a set system on a set E of size m and let k be a positive 
integer. Then 

kq 



Rkniq) = ((1 - qr + kq{l - qf-TRn 



l + {k-l)q 



Proof. For each of the m elements e G _E, at most one of the elements (e, 1), . . . , (e, k) 
can be selected if the random subset of selected elements S{q) is to be a face of fc51; 
these events occur independently, each with probability (1 — q)'' + kq{l — q)''^^. 
Conditioning on the conjunction of these events, the conditional probability that 
exactly one of (e, 1), . . . , (e, k) is selected is 

(fp,) " ^ kq{l-qf-^ ^ kq 

(1 - g)fc -j- A:g(l - g)fe-i l + (fc-l)g 
for each e € E, and hence the conditional probability that S{q) £ 51 is i?Q(g). □ 
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Proposition 6.2. For any set system f2, there is an integer K^i such that for all 
k > Kq, kfl is in the class 5B£. 

Proof. Let be defined on a set E with m elements. With q defined as in (6.6) we 
have Rkniq) = (1 - (7)'='"-'"(l + (fc - l)g)"i?n(g). The zeros of Rkniq) due to the 
factors (1 - g)fc™-ni(i + (fc — l)?)™ are inside the unit disc \q\ < 1 for all fc > 1. If 
^ G C is such that Rn{0 — then each factor {q — ^) of Rn{q) contributes a zero 
of Rkn{q) at qo := ^/(^ + k{l — £_)). If ^ = 1 then qo = 1, and if ^ 7^ 1 then we can 
choose k sufficiently large that \qo\ < 1. Since Rn{q) has only finitely many zeros, 
there is some Kq such that k > Kq suffices for all factors, proving the result. □ 

In fact, the proof of Brown and Colbourn Q shows that if M is a matroid then 
Km = cLm + 1 suffices in Proposition 6.2, although they do not state this explicitly. 

Proposition 6.3 provides some weak support for the idea that all matroids are 
in the class 5B£, but at present there is not enough evidence to really justify any 
opinion on this strengthening of the Brown-Colbourn Conjecture. 

Proposition 6.3. For 1 < d < m, let denote the uniform matroid of rank d 
with m elements, let F^{z) he its rank- generating function, and construct H^{q) 
as in (6.5). If q E C is such that Hf^{q) = then (m — d)^^ < \q\ < d{m — 1)~^- 
In particular, is in the class S£. 

Proof For aU 1 < d < m we have F^{z) = J2t=Q (T)^S and so F^(-l) ^ 0. 
For d = 1 this gives F^{z) = 1 + mz and H^{q) = 1 + (m — l)q, satisfying the 
statement of the proposition. From the familiar recurrence relations for binomial 
coefficients it follows that for all 1 < d < to, F^{z) = zF^_\{z) + Ff^_^{z) and 
H^{q) = qllf-,:^\{q) + Hf^_^{q). By induction, one sees that for all 1 < d < to, 

Htiq)=t{'^-';'^%^- 



=0 



The successive ratios of these coefficients are := C" . +') ') = (« + 

1)(to — d + i)^^ , which are nondecreasing as i runs from to d — 1. Thus, by the 
Enestrom-Kakeya Theorem (see Theorem B of Anderson, Saff, and Varga ||l|) it 
follows that all complex zeros of II^{q) satisfy Ao < \q\ < Xd-i- □ 

The f -vector (/o, ... , ft) of a set system il in the class must satisfy some 
strong inequalities, as we now explain; when t^ = dn this /-vector agrees with the 
f -vector (/o, . . . , fd) of Q. We introduce the J -polynomial of a set system by 
defining 

(6.7) J^(u) (-2)*F^ (^^1^) , so that F^(z) ^ :M_±_M, 

where we have the relations u —1 — 2z and z = (—1 — u)/2. In terms of the 
coefficients Jn{u) = J2k=o jk'^'' this relation is 

(6.8) = (-2)*"\/. for all 0<k<t, 
and conversely, 

(6.9) /, = ^ i-lY-'jk for all < t < t. 

k=i ^ ^ 
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The relation between Jq{u) and Hu{q) is as in (1.12) and (1.13). By reasoning 
analogous to that showing the equivalence of (1.8) and (1.14), one sees that a set 
system fl is in the class 5B£ if and only if Jn{u) is Hurwitz quasi-stable. A theorem 
of Asner (see also Kemperman [Q) states that a polynomial J{u) = J2k=o ^^u'' 
in M.[u] with jt > is such that all of its zeros have strictly negative real part if 
and only if every minor of the Hurwitz matrix 



(6.10) 



H[J(«)] 



Jo 
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ii 


jo 
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it-2 


it -3 


it-4 









jt 


it-i 


















jt 



is nonnegative, and detH[J(u)] > 0. One direction of this equivalence survives in 
the limit (the other does not): if J(u) is Hurwitz quasi-stable then every minor of 
H[J(w)] is nonnegative (see [|[ Q). We let 5B£' denote the class of set systems 
Q, such that every minor of H[Jsi(w)] is nonnegative; this class contains Q3£ (and 
hence, by Theorem 0.2, the cographic matroid of each network in 6*p'). Also, we 
denote by Z+ the class of set systems f2 such that jk{^) > for all < fc < t^; this 
class contains *8£'. 

For example, consider the simplicial complex / consisting of the faces of the 
icosahedron. We have Fi{z) = 1-1- 12z -I- SOz^ -|- 20z'^ and so tj = dj = 3, and the 
calculation of Ji(u) can be illustrated by 



(6.11) 
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so that Ji(u) = — 12u -|- 20m'^. This is an example of a simplicial poly tope which is 
not in the class As another example, let be the broken-circuit complex (see 
Brylawski ^) of (the graphic matroid of) K2,'i. Then Fq{z) = (1 + z)[l + bz + 
10z^-|-7z^), so do = 4 and = 3 and we calculate that Je{u) = — 1 + u + m^ + 7u^; 
this is a broken-circuit complex which is not in Z+- Simplicial polytopes, broken- 
circuit complexes, and matroids are each subclasses of the class of Cohen-Macaulay 
complexes; see Stanley For a discussion of the location of zeros of -Fa(-z) for 
Cohen-Macaulay complexes A in general, see . 

Our last theorem also supports the possibility that QJt might be a subclass of 

Theorem 6.4. Every matroid is in the class 3+. 

Proof. Let AI be a matroid of rank d which has exactly c coloops, and let M' be 
the matroid obtained by deleting all loops and coloops of M. Then Fm{z) = (1 + 
zYFmi{z)^ so that Fm{z) = Fm'{z), and M' has no loops or coloops. Since HM{q) 
and Jm{u) depend only upon Fm{z), we may replace M by M' and henceforth 
assume that M has no loops or coloops. 



20 



DAVID G. WAGNER 



It is a standard result of matroid theory (see (7.12) of Bjorner [gj, for example) 
that the Tutte polynomial TM{x,y) of a matroid M may be specialized to yield 

(6.12) TMix, 1) = hox'^ + hix'^-^ + ■■■ + hd-ix + ha = x'^Hm{IIx), 

where hi = if Im < « < Another standard result is that if M has no coloops 
then hd > 0; this follows from Theorem 6.2.13(v) in Brylawski and Oxley |^ (and 
that fact that 6.^ > for all i.j in their notation, see p. 127 of ^). (In other words, 
Im = d-M for a matroid with no coloops.) Chari |l^ proves that, since M has no 
coloops, there exist integers Si > 1 for 1 < i < hd and ru > for 1 < i < hd and 
1 < £ < Si such that 

hd Si 

(6.13) Tm{x, y) = ^ + ^ + + • • • + ^'^")- 

i=l 1=1 

Letting ai := d — ru for I < i < hd we obtain from (6.12) and (6.13) that 

hd Si 

(6.14) HM{q) = ^ g"^' 11(1 + « + 9' + • • ■ + g-"), 

4=1 £=1 

in which each term has degree d. Therefore, applying the relation (1.12) to (6.14) 
we obtain 

(6.15) JM(.n)^Y^iu + irf[ 

4=1 e=i 

which evidently has nonnegative integer coefficients. Therefore M is in the class 

a+. □ 

Theorem 6.4 raises the problem of interpreting the coefficients of the J-polynomial 
of a matroid combinatorially; although one can use (6.15) as a guide, a solution to 
this problem is not presently at hand. 

The proof of Theorem 0.3 is now clear. If M is a matroid with no coloops then 
Im = dM as in the proof of Theorem 6.4, and thus the /-vector of M coincides with 
the /-vector of M. By Theorem 6.4, M is in the class 3+, and hence the conclusion 
of Theorem 0.3 follows from (6.8). 



{u + iY^^+^ - (u - iY^'+ 
2 
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